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ON THE MINIMAL SUM OF BETTI NUMBERS OF AN ALMOST
COMPLEX MANIFOLD
MICHAEL ALBANESE AND ALEKSANDAR MILIVOJEVIĆ
Abstract. We show that the only rational homology spheres which can admit almost
complex structures occur in dimensions two and six. Moreover, we provide infinitely
many examples of six-dimensional rational homology spheres which admit almost com-
plex structures, and infinitely many which do not. We then show that if a closed almost
complex manifold has sum of Betti numbers three, then its dimension must be a power
of two.
1. Introduction
An outstanding problem in the topology of closed smooth manifolds is to determine
whether the existence of an integrable complex structure imposes restrictions on the
topology of the manifold beyond those imposed by the existence of an almost complex
structure itself. In the symplectic setting, the existence of a closed non-degenerate two-
form ω on an even-dimensional manifold M2n tells us that the sum of the Betti numbers
dimH i(M ;R) is at least n + 1 (provided by the cohomology classes [ωi]). Among 2n–
manifolds admitting an almost complex structure J we can consider the possible values of
sums of Betti numbers, and one can ask whether requiring the presence of an integrable
J would increase these possible values. We show that for manifolds of dimension 2n ≥ 8
not equal to a power of two, the minimal possible sum of Betti numbers is four, both
for almost complex and complex manifolds (and this bound is achieved by Hopf and
Calabi–Eckmann manifolds, which have the homotopy type of a product of two odd-
dimensional spheres). This follows from our two main results featured in sections 2 and
3 respectively.
Theorem. Let M be a rational homology sphere. If M admits an almost complex struc-
ture, then dimM = 2 or 6.
Theorem. Let M be a closed almost complex manifold with sum of Betti numbers three.
Then dimM is a power of two.
In real dimension 6 there is a possible discrepancy between the minimal sum of Betti
numbers for almost complex and complex manifolds caused by rational homology six-
spheres.
We summarize the situation in the graph below, where the horizontal axis denotes real
dimension 2n, and the vertical axis denotes the minimal sum of Betti numbers among
almost complex manifolds in the given dimension. The empty circle at (6, 4) denotes
the minimal sum of Betti numbers among known complex threefolds (achieved by CP3).
By direct calculation on small powers of two, it is observed that the smallest dimension
greater than 4 where the minimal sum of Betti numbers could be three is 2048.
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Figure 1. The minimal sum of Betti numbers among closed smooth (al-
most) complex manifolds of a given real dimension.
We communicate a conjecture of Sullivan that the minimal sum of Betti numbers of a
compact complex n-fold, n ≥ 3, is four (which would give the above graph a particularly
nice form). This would imply that S6 (or any rational homology six-sphere) does not
admit a complex structure; this is an open problem, see [1, Problem 3].
The authors would like to thank Dennis Sullivan for bringing this problem to their
attention, as well as Blaine Lawson and Claude LeBrun for many helpful conversations.
2. Almost complex structures on rational homology spheres
LetR be a ring. An n-dimensional R homology sphere is a closed smooth n-dimensional
manifold M with H∗(M ;R) ∼= H∗(Sn;R); when R = Z we say that M is an integral
homology sphere and when R = Q we say that M is a rational homology sphere. Note
that rational homology spheres (and hence integral homology spheres) are necessarily
orientable as Hn(M ;Q) 6= 0. Rational homology spheres can alternatively be character-
ized among closed orientable manifolds as those which have the smallest possible sum of
Betti numbers, namely two.
Recall the following theorem of Borel and Serre [2].
Theorem 2.1. The only spheres which admit almost complex structures are S2 and S6.
The modern proof of this fact can be found in many places; for example [9] is a
nice self-contained exposition. There are three steps in the proof. First, one notices
that the Chern character ch : K(S2n) → H∗(S2n;Q) takes the form ch(E) = n +
(−1)n+1
(n−1)!
cn(E). Second, it follows from Bott Periodicity for K-theory that the image of
the Chern character is contained in H∗(S2n;Z). Finally, equipping S2n with an almost
complex structure is equivalent to realizing TS2n as a rank n complex vector bundle,
and so we see that chn(TS
2n) = (−1)
n+1
(n−1)!
cn(TS
2n) ∈ H2n(S2n;Z), but cn(TS
2n) = e(TS2n)
which is twice the oriented generator, so (n−1)! | 2. This still leaves the possibility that
n = 2, but this can be ruled out by a direct characteristic class argument.
It should be noted that the original proof by Borel and Serre uses different techniques
and actually proves something stronger: if M is a closed 2n-dimensional almost complex
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manifold with ci(M) = 0 for 1 ≤ i ≤ n− 1, and p is a prime such that p < n and p ∤ n,
then p | χ(M). It follows that if a 2n-dimensional integral homology sphere admits an
almost complex structure, then 2n ≤ 6. Note, however, that this theorem cannot be
used to tackle rational homology spheres. Also see [11] for a similar result.
Here is an alternative to the integrality step in the modern proof that the first author
learned from Blaine Lawson. Recall that on a spin manifold M there is a Dirac operator
/∂ and if E →M is a complex vector bundle, there is a twisted Dirac operator /∂E which
has index
ind(/∂E) =
∫
M
ch(E)Aˆ(TM),
see [10, Theorem III.13.10]. If M = S2n, then Aˆ(TS2n) = 1 as TS2n is stably trivial.
Taking E = TS2n, we see that
∫
S2n
ch(TS2n) = ind(/∂TS2n) ∈ Z.
Using a generalization of this argument, we obtain the following result.
Theorem 2.2. Let M be a rational homology sphere. If M admits an almost complex
structure, then dimM = 2 or 6.
Proof. Suppose dimM = 2n. If n is even, say n = 2k, then modulo torsion pk(TM) =
2(−1)kc2k(TM) = 2(−1)
kcn(TM), and all other Pontryagin classes are torsion. By the
Hirzebruch signature theorem,
0 = σ(M) =
∫
M
L(p1, . . . , pk) =
∫
M
hkpk = 2(−1)
khk
∫
M
cn(TM)
= 2(−1)khk
∫
M
e(TM) = 2(−1)khkχ(M) = 4(−1)
khk.
This is a contradiction as hk 6= 0 (see [3, Corollary 3]).
Now suppose n is odd. The case n = 1 is clear, so suppose n > 1. An almost complex
manifold has a canonical spinc structure, so for any complex vector bundle E →M there
is a twisted spinc Dirac operator /∂
c
E which has index
ind(/∂
c
E) =
∫
M
exp(c1(L)/2) ch(E)Aˆ(TM),
where L is the complex line bundle associated to the spinc structure [5, Theorem 26.1.1].
Note that c1(L) and pi(TM) are all torsion classes, so
ind(/∂
c
E) =
∫
M
ch(E) =
∫
M
chn(E) =
(−1)n+1
(n− 1)!
∫
M
cn(E).
Taking E = TM , we see that
∫
M
cn(TM) =
∫
M
e(TM) = χ(M) = 2, and so (n− 1)! | 2.
As n is odd and greater than one, the only possibility is n = 3. 
Note that for the canonical spinc structure associated to an almost complex structure,
the index of /∂
c
E can also be expressed as
ind(/∂
c
E) =
∫
M
ch(E) Td(M).
If J is integrable and E is holomorphic, then /∂
c
E = ∂¯E + ∂¯
∗
E and the above becomes
the statement of the Hirzebruch-Riemann-Roch Theorem.
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There is also a proof for the n even case along the lines of the n odd case. First note
that as σ(M) = 0 and hk 6= 0, we must have pk(TM) = 0 and hence
ind(/∂
c
E) =
∫
M
exp(c1(L)/2) ch(E)Aˆ(TM) =
(−1)n+1
(n− 1)!
∫
M
cn(E)
as in the n odd case. The benefit of this alternative proof is that it allows us to deduce
the following.
Proposition 2.3. Let M be a 2n-dimensional rational homology sphere. For any com-
plex vector bundle E → M , we have (n−1)! | cn(E). Moreover, every class in H
2n(M ;Z)
which is a multiple of (n− 1)! is cn(E) for some E.
For the last statement, take a degree d map f : M → S2n. Let E0 → S
2n be a
complex vector bundle with cn(E0) equal to (n− 1)! times the generator of H
2n(S2n;Z)
(for example, the positive spinor bundle S+ → S2n). Then E = f ∗E0 has cn(E) equal
to (n − 1)! · d times the generator of H2n(M ;Z). Note that in the case of S2n, rank n
complex vector bundles are determined up to isomorphism by their top Chern class; it
is not clear whether the same is true for rational homology spheres.
There is only one rational homology two-sphere up to diffeomorphism, namely S2.
However there are many rational homology six-spheres. The natural question which
arises is: which of these admit almost complex structures? The primary obstruction to a
closed orientable manifoldM admitting an almost complex structure is the third integral
Stiefel-Whitney classW3(M) ∈ H
3(M ;Z); if dimM = 6, this is the only obstruction [12,
Remark 1]. Recall that W3(M) = β(w2(M)) where β is the Bockstein associated to the
short exact sequence 0 → Z
×2
−→ Z → Z2 → 0. In particular, W3(M) is two-torsion, i.e.
W3(M) ∈ H
3(M ;Z)2 := {α ∈ H
3(M ;Z) | 2α = 0}. So a sufficient condition for a closed
orientable six-manifold to admit an almost complex structure is H3(M ;Z)2 = 0. (Note,
however, that this is not necessary as RP3 × RP3 demonstrates.) In particular, every
integer homology six-sphere admits an almost complex structure. This already provides
us with many examples of almost complex rational homology spheres, see [8].
Note that W3(M) is the obstruction to finding an integral lift for w2(M) and hence
the obstruction to M being spinc. Orientable manifolds of dimension at most four are
always spinc, but this is no longer true starting in dimension five. For example, the Wu
manifold SU(3)/SO(3) has dimension five and is not spinc. Moreover, it is a (simply
connected) rational homology sphere. It would then seem reasonable to expect that
there are six-dimensional rational homology spheres which are not spinc and hence do
not admit almost complex structures.
Let M be a closed n-dimensional manifold and consider the (n+1)-dimensional man-
ifold N obtained as the result of surgery on the S1 factor of S1 ×M . (This process is
known as spinning M .) If M is a rational homology sphere, then so is N .
Proposition 2.4. Let M be a closed smooth orientable n-dimensional manifold and let
N denote the (n + 1)-dimensional closed manifold obtained by spinning M . Then N is
spinc if and only if M is.
Proof. Let U = (S1 × M) \ (S1 × Dn), V = S1 × Dn and W = D2 × Sn−1, and let
i : U → S1 ×M , j : U → N , and k : W → N be the inclusions.
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Suppose n ≥ 5. By applying Mayer-Vietoris to (U, V ) and (U,W ) we see that i∗ :
H3(S1 × M ;Z) → H3(U ;Z) and j∗ : H3(N ;Z) → H3(U ;Z) are isomorphisms. By
naturality, we have i∗W3(S
1 ×M) = W3(U) = j
∗W3(N). If p : S
1 ×M → M is the
projection, then p∗ is injective and W3(S
1 ×M) = p∗W3(M). The claim now follows.
If n = 4, the same computation shows that i∗ : H3(S1 × M ;Z) → H3(U ;Z) and
(j∗, k∗) : H3(N ;Z) → H3(U ;Z) ⊕ H3(W ;Z) are injective. Note that W3(S
1 ×M) =
p∗W3(M) = p
∗0 = 0 as n = 4, so W3(U) = i
∗W3(S
1 ×M) = 0. Now (j∗, k∗)W3(N) =
(j∗W3(N), k
∗W3(N)) = (W3(U),W3(W )) = (0, 0) so W3(N) = 0 by injectivity.
If n ≤ 3, the claim automatically holds. 
Rational homology spheres in odd dimensions are plentiful, for example lens spaces.
Spinning any lens space gives an even-dimensional rational homology sphere; moreover,
as lens spaces are all spinc, the resulting manifold is also spinc. In particular, spinning
five-dimensional lens spaces gives infinitely many examples of six-dimensional rational
homology spheres which admit almost complex structures; note, none of these are integral
homology spheres. On the other hand, spinning the Wu manifold gives a six-dimensional
rational homology sphere which is not spinc.
Corollary 2.5. Not all six-dimensional rational homology spheres admit almost complex
structures.
By taking connected sums, we see that there are also infinitely many six-dimensional
rational homology spheres which do not admit almost complex structures. Spinning the
Wu manifold repeatedly, we obtain the following result which may be of independent
interest.
Corollary 2.6. For every n ≥ 5 there are simply connected n-dimensional rational
homology spheres which are not spinc.
3. Sum of betti numbers 3 in dimensions not a power of 2
We now show that a closed almost complex manifold Mn, with n not equal to a power
of two, cannot satisfy the property that the sum of its Betti numbers is equal to three.
First, observe that by Poincaré duality n must be even and the rational cohomology must
be concentrated in degrees 0, n
2
, n. Namely, H0(M ;Q) ∼= Hn/2(M ;Q) ∼= Hn(M ;Q) ∼= Q
and all the other rational cohomology groups are trivial. Now, if n were of the form 4k+2,
then the intersection pairing on H2k+1 would be skew-symmetric and so necessarily of
even rank, which is a contradiction. Therefore we can restrict to manifolds of dimension
n = 4k. We will use the following lemma.
Lemma 3.1. Let n be a positive integer and suppose n = 2ka where a is odd. Denote
the number of factors of 2 in n! by l. Then l ≤ n− 1 with equality if and only if a = 1.
Proof. Note that l =
∑
∞
i=1⌊
n
2i
⌋ =
∑k
i=1 2
k−ia +
∑
∞
i=1⌊
a
2i
⌋ = (2k − 1)a +
∑
∞
i=1⌊
a−1
2i
⌋ ≤
(2k−1)a+
∑
∞
i=1
a−1
2i
= (2k−1)a+(a−1) = n−1 with equality if and only if ⌊a−1
2i
⌋ = a−1
2i
for every i; as the left hand side is zero for i large enough, the same must be true of the
right hand side and hence a = 1. 
First we consider dimensions of the form 8k.
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Proposition 3.2. There is no closed almost complex manifold of dimension 8k, with k
not a power of two, whose sum of Betti numbers equals three.
Proof. Suppose M is such a manifold. Due to the rational cohomology of M being
concentrated in degrees 0, 4k, 8k, the only non-trivial Pontryagin classes modulo torsion
are p0, pk, p2k. By Hirzebruch [6, p.777], on an 8k–dimensional closed almost complex
manifold, the signature is equal to the Euler characteristic modulo 4. Since H4k(M ;Q) is
one-dimensional, the signature must be −1, and so by the Hirzebruch signature theorem
we have ∫
M
h2kp2k + hk,kp
2
k = −1.
In [5, p.12] we find the following explicit formula for the leading coefficients hm of the
mth Hirzebruch polynomial Lm,
hm =
22m(22m−1 − 1)
(2m)!
Bm.
Here Bm denotes the mth non-trivial Bernoulli number without sign. That is,
B1 =
1
6
, B2 =
1
30
, B3 =
1
42
, . . .
Let us denote by Nk and Dk the numerator and denominator of Bk in maximally reduced
form. It is well known by the von Staudt–Clausen theorem that Dk is the product of
(distinct) primes p such that p− 1 divides 2k. In particular, Dk contains a single factor
of 2. On the other hand, Nk is a product of odd primes.
As for the coefficient hk,k that appears in the above integral, by [3, Theorem 5] we
have the equation
hk,k =
1
2
h2k −
1
2
h2k,
where hk denotes the coefficient of pk in the k
th Hirzebruch polynomial whose formula
is given above.
Since M is assumed to admit an almost complex structure, modulo torsion we have
the following relations between the Pontryagin and Chern classes,
pk = 2(−1)
kc2k,
p2k = c
2
2k + 2c4k.
Again since H4k(M ;Q) is one-dimensional, there is an integer η such that c2k = ηa (plus
torsion) for a fixed generator a of the free part of H4k(M ;Z).
Evaluating the signature formula integral, we obtain
η2(h2k + 4hk,k) = 6h2k + 1.
Using the above expression for hk,k, we have η
2(2h2k − h2k) = 6h2k + 1. Now, by the
above formula for hk, h2k, after clearing denominators from here we obtain
η224k+1(22k−1 − 1)2(4k)!N2kD2k − η
224k(24k−1 − 1)(2k)!2N2kD
2
k
= 3 · 24k+1(24k−1 − 1)(2k)!2N2kD
2
k + (2k)!
2(4k)!D2kD2k.
We count the number of factors of 2 in the four terms of this equation. Recall that
Dk and D2k each contain a single factor of 2. Let us denote the number of factors
of 2 in (2k)! by l, and observe that the number of factors of 2 in (4k)! is given by
ON THE MINIMAL SUM OF BETTI NUMBERS OF AN ALMOST COMPLEX MANIFOLD 7
⌊4k
2
⌋+ ⌊4k
4
⌋+ · · · = 2k + ⌊2k
2
⌋+ ⌊2k
4
⌋+ · · · = 2k + l. Since k is not a power of two, using
Lemma 3.1. we conclude 2k + l ≤ 4k − 2. We can also bound the number of factors
of 2 in (4k)! from below by 2l + 2. Indeed, since l ≤ 2k − 2 by Lemma 3.1, we have
2k + l ≥ 2l + 2. Now we see that the first term on the left hand side in the equation
above contains at least 4k + 2l + 4 factors of 2. The second term on the left hand side
has at least 4k+2l+2. The first term on the right hand side contains exactly 4k+2l+3
factors of 2, while the second one contains at most 4k + 2l + 1. This contradiction in
divisibility tells us that no such M8k can exist. 
In [13, Lemma 2.3] it was shown that a closed smooth manifold with sum of Betti
numbers three can only occur in dimension 4 or in dimensions of the form 8k. (In this
paper, the goal was to find simply connected such manifolds, but the argument does not
require any assumptions on the fundamental group.) This lets us exclude the case of
dimension 8k + 4 in our consideration of almost complex manifolds with sum of Betti
numbers equal to three, as no such smooth manifolds exist to begin with. To summarize,
we have the following result.
Theorem 3.3. Let M be a closed almost complex manifold with sum of Betti numbers
three. Then dimM is a power of two.
4. Remarks on dimensions equal to a power of 2
By Adams’ solution of the Hopf invariant one problem, any 2n-dimensional manifold
admitting a minimal cellular decomposition with three cells (that is, one 0-cell, one n-
cell, and one 2n-cell) has the homotopy type of RP2, CP2, HP2, or OP2. Considering
the relaxed constraint of having rational cohomology ring Q[α]/(α3), by [4, Theorem A]
we know that any such manifold must have dimension of the form 8(2a + 2b), though
the only known examples are in dimensions that are a power of two. Known examples
exist in dimensions beyond 16. Indeed, in [7, Theorem A], examples are given of (simply
connected) closed manifolds in dimensions 32, 128, and 256 with rational cohomology
ring Q[α]/(α3).
Suppose M8k is a closed almost complex manifold with sum of Betti numbers three.
By Theorem 3.3, we know that k must be a power of two. Consider the Chern classes
c2k and c4k. We know that
∫
M
c4k = 3 and that the free part of c2k as an integral class
is of the form ηa for some fixed generator a of the free part of H4k(M ;Z). We observe
some conditions on the prime factors of η.
Proposition 4.1. The coefficient η, where c2k = ηa (plus torsion), is odd. Furthermore,
it is not divisible by nine.
Proof. Recall the equation
η2(h2k + 4hk,k) = 6h2k + 1
obtained in the proof of Proposition 3.2 (which is still valid in the case of 8k equal to
a power of two). It is known that the common denominator of all the terms in any
Hirzebruch L-polynomial is odd [5, Lemma 1.5.2], so after clearing denominators, this
equation becomes
η2(α + 4β) = 6γ + δ,
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where α, β, γ, δ are integers and δ is odd. Looking at this equation modulo 2, it follows
that η must be odd.
Now we show that η cannot be divisible by 9. Consider the equation
η224k+1(22k−1 − 1)2(4k)!N2kD2k − η
224k(24k−1 − 1)(2k)!2N2kD
2
k
= 3 · 24k+1(24k−1 − 1)(2k)!2N2kD
2
k + (2k)!
2(4k)!D2kD2k
obtained as in the proof of Proposition 3.2. We count the factors of 3 in each summand.
Denote the number of factors of 3 in η and (2k)! by m and l respectively. We note that
since ⌊2·⌋ ≥ 2⌊·⌋, the number of factors of 3 in (4k)! is at least 2l. By the von Staudt–
Clausen theorem, Dk and D2k each contain exactly one factor of 3; the numerators Nk
and N2k are not divisible by 3. Also note that 2
2k−1−1 and 24k−1−1 are congruent to 1
mod 3. Now we see that the four terms in the equation above contain at least 2m+2l+1,
exactly 2m + 2l + 2, exactly 2l + 3, and at least 4l + 3 factors of 3 respectively. We
conclude m ≤ 1. 
Remark 4.2. Similarly one shows that η is not divisible by 5 if 8k ≥ 16, by 17 if
8k ≥ 64, by 257 if 8k ≥ 1024, or by 65537 if 8k ≥ 218. On the other hand, as we increase
the dimension 8k, the coefficient η2 in any such almost complex manifold must tend to
infinity. Namely, by the well-known relation
Bk =
(2k)!
22k−1 · pi2k
ζ(2k)
between the Bernoulli numbers and the Riemann zeta function, we have that Bk tends to
(2k)!
22k−1·pi2k
as k →∞. From here it follows that the coefficient hk tends to zero as k →∞.
Note that from η2(2h2k − h2k) = 6h2k + 1 and the fact that hk and h2k are positive, we
obtain η2 ≥ 1
2h2
k
.
By direct calculation with the equation η2(2h2k − h2k) = 6h2k + 1 used above, we see
that there are no integer solutions for η if 8k ∈ {8, 16, 32, 64, 128, 256, 512, 1024}. The
only possible solutions of the equations satisfy η2 ∈ Q \ Z, except for the case of k = 1
where the equation is η2 = 29. So, there are no almost complex manifolds in dimensions
between 8 and 1024 whose sum of Betti numbers is three.
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